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ABSTRACT

The uncertainty associated with a least-squares fitted polynomial is a
function of the standard deviation of the data noise, the correlation of the data
noise, the degrees of freedom of the polynomial, and the number of data
points. The standard deviation and the rms standard deviation of the poly-
nomial arethereforebetter measures of data quality and the information con-
tained in the datathan the commonly used residuals from a least-square fitted
polynomial.

The standard deviation n, and the rms standard deviation 7 of least-
squares fitted polynomials are analyzed in this paper. The general equations
derived are demonstrated on several Apollo tracking problems:

It is shown that 7 does not improve for higher sampling rates of
angular data than 2 or 5 per second, for narrow and wide bandwidth
setting of the angular servoloops, respectively. (Apollo GO, NO-GO
decision.)

The effect of negative correlation of measurement errors is ana-
lyzed. The effect of phase noise in range rate data is reduced by a
factor VN due to the negative correlation of -1/2 between adjacent
measurement points.

The effect of random-walk phase noise on the range rate data is
shown to be proportional to the two-way propagation time of the
signal.

The maximum error in aleast-squaresfitted polynomialis also analyzed.
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EFFECTS OF CORRELATED NOISE WITH APPLICATIONS
TO APOLLO TRACKING PROBLEMS

by
B. Kruger
Goddard Space Flight Center

INTRODUCTION

A frequently used method for evaluation of tracking data is to fit a polynomial y,

yi:ao+ali+a2i2+"‘+a ik! (1)

of degree k -1, i.e., with k degrees of freedom, to the N measured data points y, in the least-squares
sense. The residuals v,

v, Ty, -V, (2)

are then formed and the variance o2

g _ _i=1 (3)

is used as a measure of the quality of the data.

The basic shortcoming of this method is that o, does not reflect the amount of information con-
tained in the data. Due to the noise on the data y, the constants a, in y, can only be determined
with limited accuracy; a standard deviation o, can be associated with each a,. Taking the cor-
relation between the coefficients into account, we can find the standard deviation n, for the poly-
nomial y; at point i. It is suggested that 7, is a better measure for the data quality than o_. The
variance o2 does not reflect the correlation of the data noise nor the number of data points available.
On the other hand, 7, is a function of the data noise correlation and the number of data points avail-
able. In addition, », reflects the increased uncertainty due to an increase ink.

The standard deviation », of the polynomial y; and especially the root mean square (rms) 7
of n,, as defined in the section on data with uncorrelated noise, are therefore better and
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more accurate measures of data quality and the information contained in the data than o,
alone.

In this paper the relations between the standard deviations of the polynomial are derived for
correlated and uncorrelated data noise. It is shown that », and 7 are always proportional to o_ and
that the proportional factors are functions of the data noise correlation, the number of data points,
and the number of degrees of freedom of the polynomial fit.

The general equations derived are demonstrated on several Apollo tracking problems.

THE LEAST-SQUARES FIT

Let us assume that we have N observed data points y, at equally spaced intervals. The inter-
vals are normalized to length 1 without loss of generality. A polynomial

p— _ . -2 -k—l
Yy =8 +ay1 +a1%+ -+ 41 (4)

is fitted to the data by the least-squares method. The residuals v, are given by

i Yy T (5)

The sum of the residuals squared is minimized by varying the coefficients a, of y,. From

N
9
B—av va:O (6)

we obtain

.O 0 -k—l_ .0
aozl +alzl+..-+ak_lz_l _Z1yi

. -2 -k_ .
3021+3121 +c -+, Zi =Ziy,

J k-1 -k 2k=2 _ k-1 (7N
8,2 1i +a, Zif 4.4, 2 =ikly

where all sums are taken from 1 toN. From this set of linear equations the coefficients a, may
be solved for and inserted in Equation 4. It is shown in Appendix A that the result may conveniently



be written in determinant form:

0 1 j j2 jk?
1 A, A A, A,
1 A A A, A
1 8)
- 2
y, = !_A—| Z i A, A, A AL y; o (
7=
iFTOAL A Ay Az

where
N
P v
A )i o)
i=1
and
A0 Al Ak'l
. A1 A2 : Ak
A} = :
Ak-l Ak A2k‘2

i A| yj (10)

N
- _ -1
Y, = — E
Al

T=1

which is the basic equation that will be used for the analysis of the standard deviation », of the
polynomial y .

o
*Note that | is not a linear operator.
i




DATA WITH UNCORRELATED NOISE

Basic Relations and Definitions

The measurements y, may be written

y; SY te (11)

%
L

the true value

m
i

measurement error.

The ¢, are assumed to be stationary stochastic variables with zero mean and standard devia-
tion o,. The error 4y, due to the measurement errors ¢; is obtained by substituting Equation 11
in Equation 10:

N
— -1 0 j
Ay, = — L.
Ty Z ioa| S (12)
771
For uncorrelated noise we have
[U(CIEX +C2€2 +. . .+CN€N)]2 = (Cf +C§ oo oe Cﬁ) 0‘62 ,
and hence
2 N
0'2__ = 772 = -U—S. o J 2 R
Ay, ~ INE i A (13)
=1
where

n, = standard deviation of the least-squares fitted polynomial y; at point i.

In Appendix B, Equation 3, it is shown that

’ (B3)

N
2k

i A
i=1

and thus

(19)



It is suitable to normalize the measuring interval to unit length by dividing i by N. Furthermore,
n, is symmetric around i/N = 1/2. A new variable u is therefore introduced:

$= (15)
and it is shown in Appendix C that, with the approximation
N+
K S (16)
Equation 14 may be written
n}
— N=P2(u) +3P2(w) + . . . (2k + 1) P2(u) » (17)

o2
€

where P, are the Legendre polynomials. The error introduced by the approximation 16 is of mag-
nitude N2 (see Appendix C) and vanishes, therefore, for large N. ’

In Figure 1 the normalized standard deviation 5, for y,,

n.

= VN,
Thi T3 N (18)
is shown graphically for values of k from 1 through 6. We note that, for i/N = Qor i/N = 1,
nni =k
(19)
This result is true for all k, which may be 6
shown by expanding Equation 14 in powers of i: 5 i
! j
2 4 b :'.-'
Mi _ N . 1 [
2 _ — H
Moy FN—= == 18, = (B + 8y 1 z k=1 k=6 | 1
o? laj M 2o L' 3 \\\ 7 k=2 k=5\ i
P T N k=3 k=4 >\ /
e 7 |
by, + 0y +0,)i%4...1, (20) \,—\—-_‘7/_{_:_"__,_/{";/
1 "
where A, , A,,, etc., are the minors of |Al. If o
i=00ri=N 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
?
i/N
, b, Figure 1—The standard deviation 7, for least-square fit-
Thif T N Tal ted polynomials y; of degreek ~ 1. The standard devia-
iN tion of the data noise iso.. N = number of data points,



It is shown in Appendix D, Equation D11, that

k2
by, =% Al -
and thus
i =k
n i=g

Sometimes it is necessary to use y, for
prediction outside the interval of observation.
An example is the prediction of yearly oscilla-
tor drift based on one or two months of actual
observation. Figure 2 shows the rapid increase
of 7, outside the interval of observation.

The Root Mean Square
Standard Deviation

The standard deviation 7, for the least-
squares fitted polynomial y, varies with i, as
can be seen from Figure 1. It is therefore de-
sirable todefine an average standard deviation.
We choose the root mean square (rms) stand-
ard deviation 7 defined by

or, using Equation 14,

2
-2 _ e
nt =

From Appendix B, Equation B4, we obtain

N

2

NlA| £

100, 000

k=6—]
/
4
10,000 //
/ k=5—
/| //
/|
1000 ,/ ——
|€ INTERVAL OF f — /
osservation/| _/
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'
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==

\
i

o
N
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o

Figure 2—The standard deviation 7; of the least-squares
fitted polynomial Yy, increases rapidly, if ¥, is used for
prediction outside the interval of N observed data points.

Z n% (21)

0 i
i A

(22)

5=/%% ' (23)

This equation demonstrates a simple relationship between 7 and o,. For k = 1 we obtain the well-
known equation for the standard deviation of a time invariant quantity which is measured N times.



Because N 2k we have

<o,
For the normalized rms standard deviation
- _
T, = o W
we obtain
— 1 E
2 _ 2 _
nn _-ﬁ 77ni =k
or

(24)

(25)

Note that the Equations 23 and 25 are exact; and no assumptions have been made about the size of
N. Figure 3 shows the relation between 7 and », for k = 3and k = 6.

6
5
4
¢ I ﬁ
EAA L /N
f‘l!;u k=6 \ E=6
n; —
—/N Y

AND
w
|
I
[
-
|
!
|
|
X'mq
1
T W
|
1
]
T

/ k=3
________________ o e = -_.__—__-._,_/-’——:
N ' i e
l% ——————— i, N R, I VR (S M — - WP — o J
1
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

N

Figure 3—The relationship between the normalized standard deviation (7, /O’E) VN and the normalized rms
standard deviation (ﬁ/os)\/ﬁ for least-squares fitted polynomials with k degrees of freedom.




DATA WITH CORRELATED NOISE

Basic Relations

If the correlation coefficient between the noise of measurements yy and yy, is p_, then we
have the basic relation for a stationary process:

[o(C, e

N N-1
l+C2€2+...CN€N)]2: E Ci2+2101 ? Ciciﬂ"’"'
1

1

N-v

+2p, 2 CCiuyt - - - +20,G CN} o,
1

where o_ is the standard deviation of errors in the measured values y,. From Equation 12 for the
error Ay, in the least-squares fitted polynomialy, ,

N
- -1 0 i
Ay, = —= .
ATV Z i A (12)
T
we thus find the standard deviation », for y, to be
1 1o g2 o 0
2 j i i+l
2= 2 .
s !A|2ZiA+plziAl i A
=1 i=1
N-v
0 j+v 1 0 N
+2 ] 1+ .2 . 2,
v ’ ATl A Aev oAl i oal] e (26)
i=1

we obtain

1 N N 0 2 N N-1
72 = J 0 j 0 j+1
= N 2
A2 2: 2_: i oAl A 2 : i Al iooA|"
=1 3ol =T 5=
N N-v N
s 20 2: z: 0 jl 0 j+v N ‘o 0 1}.10 N o2
Db L 1AL IR A N1 21: i Al i A]l]C (27)



In Appendix D it is shown that this equation may be simplified to

K N-1 2K N-1 (k) N-1
—2 = e— — — i . g '3 - s . 2Y
TN [1”2 AR K (28)

i=1 i=1 i=1

where g(k) is a function of k alone. The normalized root mean square standard deviation

is then

N-1 2k N-1 K N-1
- {nz SR I } )

This is a powerful equation; the use of it will be demonstrated in the following subsections.

Positive Correlation from System Transfer Functions

The transfer functions of a system can in most cases be described by an equivalent electronic
circuit. For instance, the transfer function of an antenna servo is a low-pass filter. If white noise
is applied to a low-pass filter, the noise at the output terminals will be positively correlated. In
this section the effects of positive correlation from maximum-flat (Butterworth) filters will be
analyzed. The autocorrelation functions for the noise at the filter output are summarized in Ref-
erence 1. Figure 4 shows the autocorrelation function for a single-pole, a double-pole, and an
"ideal" (infinitely many poles) filter as well as the corresponding electronics circuits. Maximum-
flat filters are chosen because they commonly occur, they describe most systems adequately, and
their mathematical treatment is relatively simple.

The autocorrelation function R(7) of the output noise (for white input noise) for a single-pole
filter (see References 1 or 2) is

R(ry = e “, (30)

where «_ = 3-db angular cutoff freqﬁency of the filter. If the sampling interval is h, then

-8,

pl-e
and

Py = e F1= (Py)E, (31)
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Figure 4—Electronic single- and double-pole filters. Normalized autocorrelation functions R(7)
of white noise passing through maximum~-flat filters.

when 8, = w h, and thus

N-1 N-1

B L A=
) et ) AT (32)

But g{"! « 1 for large N, so that

Za PiTTC P (33)

For the sum Zip, we obtain

Z ip, = Z ie A1 :d%l Z_e_ml . 34)

10



For largeN,

N-1

ip. = i
- i (1 _ pl)Z (35)

i

The sums Zi3p,, etc., may be evaluated in a similar fashion.

Inserting these results in Equation 29 yields

2p P
o[tz ]

1-p N (1- P2 (36)
and for large N
1 4+p
-2 _ 1
M = k 1-p (37)

or

31

1o, _
T (38)
where o, = e “<" and 7, stands for the rms standard deviation of the fitted polynomial y, for un-

correlated data noise.

We see from Equation 38 that the effect of positive correlation ¢ *“<" is to multiply the rms
standard deviation obtained for uncorrelated data by the factor

1+ oy
}/ 1-p '
A maximum-flat (Butterworth) two-pole filter has the normalized autocorrelation function
(Reference 1).

sin (wlﬂcosw+"> sl Tleos m/4
R(7) = : 4 4

J (39)
cos —
3
and thus
o . ~if,
p; = (sinif, * cosif;)e , (40)

11




where g, = o h//'2. Performing the summation we obtain for large N

-B
Y\ sin52+cos,82—e 2
pi = '32 ’

hernd e

+ e-'62 -2cos B,

so that
= sinh B, + sin B,
1+2 p. = .
21 : 1 coshp, -cosp, (41)
Thus
w_ h « h
sin hc? + sin ;_
- _ 2 2
T = w h w_ h Tk (42)
cosh ~ cos —
V2 V2

for a two-pole filter and for large N.

For an ideal filter, i.e., one with infinitely many poles, we obtain from References 1 and 2

sin w, T
R(’r) = (43)
and hence
sin if
VI (44)

where 8, = w_ - h. For large N we obtain from Reference 3, page 96

@

N -
Z PR Z: Py = 772,3;61 : (45)

i=1

Also

N N jN:Bl .
Z ip =—IZSini,B g Jl-e _ AL
: i TN : 1°Ng ™ ;‘_‘jnr (46)

AR

12




where j = /-1. Thus

N

1im% Z ip, =0,

N—oow T

provided that 1 - ¢'”* # 0. We thus obtain from Equation 29

72 =k L

@ h (47)

for an ideal low-pass filter and large N.

The Effect of Sampling Rate on Positively Correlated Data

An important problem is to find the maximum meaningful sampling rate if the total time of
observation T is given and the data is positively correlated by a maximum-flat filter as described
in the preceding subsection.

For a single-pole filter, Equation 38 may be written

_£1+,0102
"Ni-p ° (48)

=2

The total time of observation is T and the sampling interval is therefore

T
h_i (49)
and thus
o I
/0139 ¢ N
or
4 T 1 T 1 T\
Asto{ew) 2 (en) T3 Bew) (50)
Insertion in Equation 39 yields
() )
o = -
k|1 12 180 Te (51)

13



From this equation we see that 7 does not improve appreciably if (w,T/N) <1, In other words,
little is gained by using a larger number of samples than N ..

X

Noox = wcT , (52)
or a sampling rate N/T larger than
% (53)
Equation 37 may also be written
e I
y 1ie cN
7 N o T ol (54)
l-e ©N
and, for N-o,
=2 _ 2k
neE w, T Te (55)

where

standard deviation of the noise of the data

qQ
I}

=
1t

degree of freedom of the least-squares fitted polynomial y,

w, = 3-db angular cutoff frequency of the single pole filter

T = total time of observation.

Figure 5 shows a comparison between 7 for correlated and uncorrelated noise with T = 60 sec

and w_ = 3 rad/sec. This figure clearly demonstrates that little is gained by exceeding N _ . Itis
of interest to note that p, = 1/e = 0.37forN =N___.

From Equation 23 we see that the same 7 is obtained for correlated data with N = » and un-
correlated data with N = (1/2)N

max *

For a double-pole filter we obtain from Equations 28 and 41

w T w T
sinh—<_ 4 sin—=
ﬁ2 _ E \/EN ‘/EN o.g (56)
N w T w T
cosh—°_ - cos—=
V2N V2N

14



and, for N—-w,

w T € (57)

For the ideal low-pass filter we obtain, from
Equation 46 for N— o,

wT ¢ (58)

Figure 6 shows the comparison between 7
for uncorrelated noise and noise correlated by
a single-pole filter, a double-pole filter, and
an ideal filter. It is seen that the difference
between a double-pole and an ideal filter is
very small. It is therefore sufficient to cal-
culate with a double-pole filter for practical
purposes.

Figure 7 and 8 show 7 for single- and
double-pole filters with T = 60 sec and »_ as
parameter,

Example: What is the maximum meaning-
ful sampling rate for angular data for Apollo
tracking ships? The transfer function of the
angle servos is approximated by a two-pole
filter. '

Expanding Equation 56 into a series we
find

—2_2V3 |1 (eTY .
K S R T A W (59)

Somewhat arbitrarily we defined the maxi-
mum meaningful sampling rate as the rate for
which 7 is within 5 percent of its value for
N = o, Thus

4
1.1 T
2 180 </§N > =0.05 (60)

x

0.20

0.15
\

CORRELATED NOISE

wT
/ py=e N
"""""" N T TASYMPTOTE N ===

0.10 : |
\< : i
Tl X 3 \\ UNCORRELATED
° | %ss
1 1
: \\
0.05 ;

p—

N= — Nmax=90 .}1 MAx = ¢cT =180
I TR A N
0 50 100 150 N 250 300 350

Figure 5—RMS standard deviation 7 of least-squares
polynomial fits for uncorrelated and correlated noise.
The time T of observation is 60 sec,and w_ = 3 rad/sec.
The number of samples N is veried.

0.20
T =60 SEC
we =3 RAD/SEC
0.15 \ ,
\ IDEALIZED FILTER
l< (Infinitely many poles)
{ | I
el <! T 1
o | DOUBLE-POLE FILTER
0.10 SINGLE -POLE FILTER
UNCORRELATED NOISE
\
0.05
0 50 100 150 200 250 300 350

N

Figure 6—Comparison of the effect of different filters on
the rms standard deviation 7 of least-squares fitted poly-
nomials. White noise is applied to the filters.
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0.3 0.6 ————
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k / I w.=0.5
o
0.2 1
we =1

0.1

=
S~
-~

v, IN RAD/SEC
400 500

100 300 600

Figure 7—The effect of filter bandwidth of a single-pole
filter on the rms standard deviation 7 of least-squares
fitted polynomials. White noise is applied to the fiiter,
and the time of observation T = 60 sec.

and

(5.

T 3172 g3/a

0.4
h_ w.=0.5
0.3
=S
ke
h_ we=1
0.2
we =2
0.1 ve =3
\ 0 =10
———
—
we=15
W=
0
0 200 400 600
N

Figure 8—The effect of filter bandwidth of & double-pole
filter on the rms standard deviation 7 of least-squares
fitted polynomials. White noise is applied to the filter,
and the time of observation T = 60 sec.

@
Lo}

(61)

The Angle Servo Bandwidth may be switched to either 1 Hz or 2.5 Hz (with gyro loop closed) ac-
cording to Reference 4. We thus obtain from Equation 61 the maximum meaningful sampling rates

as 2 and 5 samples per second respectively.

Negative Correlation Range Rate Data

A typical case of data with negatively correlated noise is range rate measurements in the non-
destructive Doppler count mode (Reference 5). The Doppler frequency shift is continuously inte-
grated by means of a counter, and the counter is read out at equal intervals T without destroying
the information. If the information in the counter is Z , then the range rate R is

. OR
R=g-=%Z-2)

16
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etc., where ¢, is a constant. The dominating errers in Z, are of two types: a random, zero-mean,

and uncorrelated noise with constant standard deviation o, and a zero-mean random-walk noise

N
with standard deviation o, which is proportional to the root of time t:

where c,isa constant.

We will first consider the noise with standard deviation oy. As the noise is uncorrelated we

obtain
1_ .2 2 2 262 5.2 2
o cios 4 ctot = 2¢f o o
R1 3 z, 1oN RN
(63)
2 2 2 2 =92 2 _ 2
g.%zc?o0? 4cfof T2t 07 =05,
R2 1 z, 1 zg3 17N RN
where

oxy = the standard deviation of the range rate noise due to oy.
The errors in lil and 1'22 are correlated because both contain the same error from z,. For this
reason all adjacent measurements are correlated. Non-adjacent measurements, e.g., 1'21 and 1'23 ,

are not correlated because they have no error in common.

From Equation 62 we obtain

[U(ﬁx + Rz)]z =c? lo(zZ, - Z))? = 2c%02 = U;N
. . (64)
lo(R +-- .+RN)]2 :cf [U(ZN-Z‘)]2:2ch§:U§N
But we also have
[o® +---+RYIZ=NoZ + 2(N-1) p oF (65)

where p, is the correlation coefficient between adjacent measurements. The results from Equa-
tions 64 and 65 have to be identical for all N:

N+ 2N-1)p 1. (66)

17




Hence

2 (67)

By putting izi =y, we obtain the least-square polynomial y; from Equation 10:

= -1

y, = —
Al 4

0 jl
i Al Y (10)

and the normalized rms standard deviation 7 of the polynomial is for large N, from Equation 29,

o[y (4

or

— k2

™ N (68)
which also may be written

= k

n= EUI'?N . (69)

It is interesting to compare this result for negatively correlated noise with Equation 23 for
uncorrelated noise:

ﬁ:/g"f ' (23)

We may thus write

p=0 (70)

18



The negative correlation p, = - 1/2 thus re- 1.0~
duces the effect of the noise on the rms stand-
and deviation of y, by a factor vk /N,

The range rate data also gets an error 0.5k T,=(p+x)h
contribution from the random-walk phase
noise. This contribution is for a coherent
range rate system proportional to the square

root of the propagationtime T of the electro- ;:: 0 +—i } I ——4 } +—
magnetic wave going from the tracking station pp=-1 5 —

to the spacecraft and back again. The standard .
deviation oggy of the error in the R measure- Poer= "y

ments, caused by random walk, is thus =05
h = SAMPLING INTERVAL
Oprw = €3 VT, (71) T, = TWO-WAY PROPAGATION TIME
The normalized autocorrelation function for ~1.0
the range rate is shown in Figure 9. If the pro-
pagation time T is p+x sampling intervals, Figure 9—Normalized autocorrelation function R(7) for
where 0 <x <1, thenthe correlation coefficients range rate measurements (two-way Doppler) contamin-

. ated with random-walk phase noise.
are given by

_ 1-x
Po = =3
-_Xx
Por1 =73 (72)
and all other o = 0, as shown in Appendix E. Hence
1+ 22,0i =0
and
- 23ip; Tp(l-x) * (PH1) x =T, , (73)
From Equation 28 we thus obtain
2 :[_\J; T O’kRw

19



With oppy = ¢,/T,, We obtain

-~ k
mn= .ﬁ 2 Tp . (74)
The rms standard deviation of the least-squares fitted polynomial is thus proportional to the prop-

agation time T . The effects of the random-walk error are therefore negligible for near-earth
missions but may be dominating for '"Deep Space' missions and galactic probes.

Negatively Correlated Data; Exponential Autocorrelation Function

Assume that we have a normalized autocorrelation function

R(7) = - e 2 (75)
If the sampling interval is h, then

py = -
and

o == r,
where

By T w h, (76)
and thus

o]
Z" = Z l_plpll (77)

for large Nin accordance with Equation 32. For the sum Zip, we obtain, from Equation 35 with N- «,

i_ Loy |
ipy == ——— - 78
(A - lp 2 , (78)

1

Insertion in Equation 29 yields, for large N,

_ 1-3lp | _
n = 1- lpll 77o ’ (79)
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where 7, is the rms standard deviation of y; for uncorrelated noise. The maximum amplitude for
|4 1s

PYIEE R (50)
For this value we obtain from Equation 29:
72 =k [1~1+% -?4-] (81)
or
T (82)

Except for a constant multiplier, this equation is identical with Equation 69 for noise, with
p, = - 1/2 and all other , = 0.

RELATED TOPICS

Determination of the Standard Deviation of Noise of Time-Varying Data

Let Y be a time-varying quantity which is observed at equally spaced time intervals. Without
loss of generality, we normalize the time interval to 1, and Y will have the value Y, at time i.
During the observation an error ¢, is introduced so that the observed value y, is

yv; 7Y e (83)

The error ¢, is assumed to be a zero-mean stochastic variable with standard deviation o_. By
definition,

Q
mN
I
Z| -
-
m
M

(84)
when a least-squares polynomial y, of order k - 1 is fitted to the data, the residuals v, can be
determined: '

vi = yi - §i (85)
and thus
& vy~ (X TF (86)
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Z iv, =0 (87)

From the summation of Equation 86 we obtain

N N N
Z € = Zl: Vi T Zl: ;-5 (88)

or, using Equation 87,

N
i el R (®9)

and, by squaring Equation 86 before the summation,

N N N N
€2 - Z vf-z'z v, (¥, -F) + ¥, -3 . 90
ST 2 0

If we assume that Y, is generated by a polynomial

Yi =a, +a1i e Ay ikt (91)
of degree k - 1 or lower, then
Y, =¥, T (e ag) +(ag—aD i+ o v v (o —a) ikt (92)
and hence, from Equation 87,
N

Z vi (¥, -¥) =0

1
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and Equation 90 reduces to

N N N
E €2 = § vf + Z «, _‘§i)2 .
1 1 1

(93)
In Appendix F it is shown that
N K N
-V 2 = 2 )
) Mg ) 4 (94)
1 1
if the ¢, are uncorrelated.

Hence

1 N 1 N

2 _ 2 _ 2
R DA DI (95)
1 1
if the ¢, are uncorrelated and if Y, is a polynomial of equal or lower degree than y,,
The Maximum Error in a Polynomial Fit
An interesting question is: What error function ¢, produces the largest error in y, if the
errors are subject to the side condition
N
2 _ =2
)L 4N (96)
1

where € is a constant?

Equation 12 may be written

N

€ 'Tij Z{: I I (97)

1

11

N
5,2k Y
oyA

0 j
i A

Using the method of Lagrange's multipliers, we obtain for the maximization of Ay,

3 N N
2 = .
e {Z e o) | =0
J 1 1

(98)
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Hence

< +2>\51 =0
C2 +2>\€2 =0
c. +2)\ej =0
and
€
Ej :C_E1

Thus, from Equation 96,

2 2 N
N'€2—612 1+<.__.>+--- :._IZC
C1 C2
1 1
or
c, /N €
€ =t
\/Zc)?
and
c VN ¥
€, =t~
\/ch?
From Equation 97,
Ay. _/NE Vs c?
imax IAI J
But
N N
0 jl? 0 i
2 _ = -
PRI R S
1 1
and, using Appendix C, Equation C10,
zc? = [Al2 [PR) 4 3PI(w) 4 - - -+ 2k - DPL
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(1nm

(101)
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Thus

AV, vax = € YP3@) £ 3P2W) 4. .4 2k - DY P2 (u) (102)
where
i=nur!
2
Comparing this result with Equation 17, we see that with € = o, the maximum error Ay, isvN
times larger than », for uncorrelated noise.
The error function is given by Equation 101, which also may be written
. - NE 0 j l
j - . A i)
|A] YP2u) + 3P2(u) + ... 4 k- D) P2 (u) (103)

where i is the point at which 4y, is maximized.

GENERALIZATIONS

The polynomial in Equation 4 may be written

k
Vi T ZU)"" 31 (104)
i=1

where k is the number of degrees of freedom. Equation 104 may be generalized to

y; © Zzij a; (105)
where Z,; are function of i and j. In this form Equation 105 includes linearized nonlinear systems
such as described in Reference 6, Appendix B. The sums of the residuals is

N N 2
°7 Z(Z 2 % ‘yi> g (106)
i=1 V71

where the summation in i is taken over the N measured valuesy,.
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The conditions for a minimum are

or

N

ds _
)

i=1

N k
E E Zi,. Ziv a;
i=1 j=1

Zij a; -y
=1

i=1

i) Ziv =0

N
= Z ¥iZy o

(107)

where v takes the integer values from 1 to k. The sums are interchangeable, and Equation 107 may

be written

where

Solving for a, yields

where
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Cll C12

C21 C22
R
Icl

Ckl Ck2

Cll

lcl =
Ckl

1k

kk

2k

kk

(108)

(109)

J (110)



Insertion in Equation 105 yields

Ci Co = 2y - - Cy
I | £ % 1€ Cy, Z, Cox
i T Icl Z Z;; z . . Y;
i=1 i= y
Cui Ce2 Z Cix
or
0 Z, z, Z;,
zZ, Ci1 Ci2 Ci
N
P
. T T T y N
Vi Ic| Z, Ca Co2 Cou| 7
1| . i . . (111)
Z, Cx C2 Cuc

where the summation index r is identical with the previously used summation index i. In Equa-
tion 111 we recognize the generalized form of Equation 8. In analogy to Equation 10, the brief

notation

1 N | O i
Vi 7 - 1= E y
* |c] 7z cl 7
r=1 r

is introduced.

Z

(112)

For uncorrelated noise with standard deviation o, we obtain the standard deviation », of the

estimate y, :

2 = £
i |C|ZZ z

which is the generalized form of Equation 14.

(113)

For the rms standard deviation 7, defined by
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we obtain

e B
NlcliZi c

or

z =

o? . (114)

€

52 =
This equation is identical with Equation 23, which thus holds true for the generalized case.

We have found that Equations 8, 14, and 23 hold true for the generalized case. In particular,
they hold true for polynomials fitted to unequally spaced data. It should be pointed out that no ap-
proximations have been made in the derivation of these equations; they are exact.

The generalization of the equations for correlated data is unfortunately not possible, one of
the reasons being that o, is not defined for unequally spaced data.
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Appendix A
1 0
Derivation of y, = TAl E Y;
Ale—{i A

From the Equations 7, where all summations are from 1 to N

a,23%+a, Tl 4. . . +a_ iK1 =3j%,

2, it +a, T2+ - . ra k=2 jy,

< k-1 k (k=2 _ 5 ik-1
a, i1 +a, Zjk+. ..+, 3] =2y

we can solve for the coefficients a,. With

N
A = iv
=1
we obtain
A, A A, 2y, A,
A A, A Zjy,; A,
a = 1 . .
Y
sk+y _
A, A ---AL, b ; A,
where

31
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Thus

but

-
2y; Ay Ay Ao >y A, Ay
. ijj A, - A, A ijj A3 A,
5oL . R . . iy
T
{ z y; A Ajy-r A., Zi¥! Vi Aar Ay,
S
A0 AL, b3 y;
A - Al Sy, &
N . . . k-1 ' (A3)
Apg-Ay, Zj1 ¥; )
A, Ty, DA, Sy Ay---A_,
A, Ziy; - A iy, A A
A R : | (A4)
A, 231 Yy oo Ay, Zyt Y, Ai Ages

By rewriting all the determinants with the sums in the first column we obtain

0 1 i...1k71
Sy, A ArcAL
Zjy; Ay Ayt A (A5)
- -1
v, === .
|A|

ity Al AcAg,

Expanding the determinant after the first column reveals that the summation may be moved
outside the determinant. Y; is a common factor in the first column and may also be moved

32



outside the determinant. Thus

or, with shorter notations,

(A6)

(A7)
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Appendix B
N 0 i 2
The Summation of 2 _
Writing out the determinant in more detail, we have
0 1 i
0 1 i
1 A, A
j A
0 1 i
2 i
0 1 i iz...
52 A, A ...
N N j A
LAl s 5 . o
. = 0 1 2 =
A 2.
i=1 iTLo5t A A, A i1 ||
it A, A A,
. . . 0 1 3
j2
i A A, A,
from the rule that
b, b, b, Zb, b, b,
b, b, b, Zb, b, b,
z |b, b, b, ={Zb, b, b,
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If the summation variable only occurs in a row or a column, the summation over the whole deter-

minant may be replaced by summation of the elements of the row or column, thus:

This is easily verified by expansion into minors.

By applying this rule twice and observing that by definition

we obtain

0 1 i
0 1 i

A, A, A A, A,
Al A Az
1 i
Al 0 1

N o il 2 1 2 Al A2
Z lj Al '

i=1

0 1 i
A2 0 1

3 1 A2 A, As

36
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But

1 i
0 0 1
A 1 2 =- (Al
0 1 i A A A2
Al AO A1 A2 1 A3
A, A A, = |A, A, A, i=-|Ali,
and so on. Thus
0 1 i
- 1Al A, A -
S lo qlz | - 1Ali oA A 0 i
Z‘. - e -l (B3)
j A 1 A
— _ .2
i=1 |Al 32 A, A,
Summation over i yields
0 1 i 12
A0 A1 AZ
N i Ai A2 A3 =
i2
Z i 1\2 As A, -
i=1 .
2
1 A1 A, i A0 Az' i* Ay A
i A2 3 i? A1 Aa' i3 A1 A2
N [i? A, A, . No|i% A, A, No|i* A, A,
- +
-2 DL 3
=1 i=1 : i=1
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where k is the degree of freedom of the least-squares fitted polynomial,

38

0 1 2 1 0 2 2 0 1

1 2 3 A2 1 3 3 1 2
==~ A, A, A, +1A, A, A, -|A, A, A,
= -k IA|,

i=N  j=N

2.

1 =1

2
0 i _yjal2 .
A

i

(B4)

Thus

(B5)



Appendix C

0 i
Evaluation of for Large N.
i A
. : 7y
Equation 9 defines A :
N
A = iv

and, for large N,

Nvt1
v+1

This is the same approximation as

Nv*1
v+l

N
Avxj x” dx =
0

The error introduced in |A| by this approximation is of magnitude N-2.

columns in a suitable fashion, the N” term may be eliminated:

Ay Ay A
rowp Ap‘l S A'£+P'2 A'{*’p-l
rowp+ 1 [A - - - Ap A

39

9)

(c1)

(C2)

(C3)

By subtracting rows and



14

Subtract p/2 times row p from row p + 1. Thereafter, subtract 4/2 times column 4 from column
2 + 1. The element of row p + 1 and column £ + 1 of |A| is then

p 4 p
A/ﬂ+p ] Af€+p-1 -7 (A{+p-z -3 A»€+p—2>

Nrﬂ+p+1 N’E +p p N/E+p 2 N/f,+p
= - +—+ . - - — + - . . —— + . . .
f+p+1 2 2 \L+p 2 \L+p
NT+pH1

+ terms of order NT*»"! and lower.

“Tip+l

The error introduced by the approximation is thus of order N™2, With the above approximation,

0 1 i ikl 0 1 x xk~1
2 K
1 N M N 1 1 1 1
2 k 2 k
0 il _ k241
i), NN N aN L, ror 1
2 3 k+1 -2 3 k +1 (C4)
gt NOONET O NAH wer Lot 1
k ki1 2k -1 k k+1 2k -1

where x = i/N. For more rapid evaluation of the determinant, we make the substitution

x_u+1
)
and observe that
k-1
o () &) N
1 1 1
1 1 3 T 1 1 0 3
uell 11 1 u o L o
2 7 3 k11 3
1
u+12 1_ 1 1 :2k2‘k u? l 0 l (CS)
2 3 T k +2 3 5
u o+ N1 1 1 k1
2 ¥ k.1 7 2-1
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This result may be verified by subtracting rows and columns in a suitable fashion. For |Al we have

2 k 1
N N N 1 = 1
2 k 2 k
N2 N3 Nk 1 1 1
2 3 k+1 2 3 k +1
A = = N6 : :
Nk Nk# N 2k-1 1 1 1
& k+1  T2k-1 X k41 "2k -1
From Reference 7, pages 429 to 431, we obtain
1A N2 [203" . . . (k-1)1]3
k! (k + 1) .. . (2k - 1)!
Combining Equations C4, C5 and C'7, we obtain
0 1 u...u
1 1 0-
0 i ;1
i Al KU (k+ D! ... (2= 1) u 3
Al Ne2KOeD [0 300 L Lk - 113 .
uk‘l

- 0 1 u u? -1 1
1 1 0 1. 0 1
3

u 0 l 0. u Y

3 =
1 1 1 1
2 - 2 __ =
u 3 0 3 u 3 3

and the order of the determinant is reduced by 1.

c

o wl= o

(Ce)

(C)

(C8)
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Repeating the process, we obtain

2 2
1 2 3u? -1 5ud - 3u
= o 5 7
N [1+3u + ( 3 + 3
o [35u* - 3003 4 3)2 . <63u5 - 700} +15u>2
+ T T T o+11 P
8 8 (C9)

The polynomials in the squared parenthesis are the Legendre polynomials; thus

0 i
i A
A

0 i
i A 1
.llAl =-5 [Pg () +3P2 (W) + . . . +(2k - 1) P2, (u)] , (C10)
where
ioNWt 1
2
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Appendix D

Evaluation of 7% for Correlated Data

From Equation 27,

N N 2 N N-v
— 1 0 j j
I BRSSP
N{Al T 5o =T 57 '
With the substitution £ = j +» we obtain
N N-v N N
ZOj_0j+v_Z ZO’C—V o&\:
i A i A i A i A
i=1 j=1 i=l fovy1
S 5olo 4-u] |0 2]LS VO{—V-O{\
ZZ; A i A ZZ‘ A i A
i=1 ,{7/=1 i=1 ,€=1
0 1
014
1 Ay
i A
N N
DO
. i A i AT
=1 =14, 01 £
i Al
i? A

43

]

(D1)



1"
|
I.\Eq
A
S

0
1
£
N

2"
£=1 )

~
0
1

N

2
=1 {

A

1 L-v (d-)?...

1 ,ﬂ {2...

0 0 -V ~2vd 4+ 12
1 AO A A,
£ A A2 As
{2 A2 A, A,

)

(D2)

The summation of the first determinant is given by Equation B4. The second determinant is ex-

panded in minors after the first row:

44

0 -v
Ay A
Al 2
A2 A3
N
+ 2v
£=1
AO A2
A A
A, A,

~2vd 4. ..

0 1
2
122 A, )
13 A, A,
AL A
A2 Al

+2v | A, A

A=1
A,
N /{” 1
2
oyl s
A1 | -

A, A,
A, A,

.

0

)

(D3)



because two columns are identical in each determinant. In the same manner we may verify that all
the other minors are zero, Hence

<o 4 2 o 4
ZZ? -vi |0 :‘]A]ZO =k |Al? .
i=1 /€=1 ,{;:1
For the second term in Equation D1 we obtain
N v v
0 f-v o1 0 f-v
i A i oa|= A £ A
i=1 =1 ’C:l (D5)
Expansion in minors of A yields
04-4| _ ¥ B w h-)b,, —[(B=2)2 4421 A, ~A(L = )
P {' 1+ (2= 0y, -t -)"+ 13 ~ (A=) 22*"‘}
£=1 £=1
1 s
:_V(All —A12 +§ A13 +) +.€. (A22 —4A13 Fooe ) Feen s (D6)

observing that Aij = A“ , Where Aij are the minors of |A| . With the approximation A, = N"*/y + 1,
we find in the same manner as in Equation C6 that

By is of order k2-1 in N

A”,A“ are of order k2-2 inN

AP AP A, are of order k2-3 in N .

Thus, taking the dominating terms only,

N v
Z 0 L-v
£ A
1

=T

3
?C ﬁl = vh, | Al -.%_(An_mls) Al 4. . (D7)
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With the approximation A, = N**!/» + 1 we have

1 1 L 1
3 4 5 k+1
L1 1 1
4 5 6 k +2
1 11 1
) 5 6 7 k +3
A11:Nk_1
1 1 11
k +1 k+2 k+3 2k -1

The rows are multiplied by factors so that 1's are obtained in the last column:

2k -1

and, by subtracting the bottom row from the other rows,

W=

46

2k -1

k!
S 2k-1)!

k +1 k +1 1
3 k
k!
Tk 1)
2k -1 2k -1
k+1 2k - 2
(k -2)2 (k-2)(k=-3) . k=2
3k +1) 4(k + 2) k(2k - 2)
(k-2)(k=-3) (k-3)? o k-3
4(k +1) 5(k +2) (k+1)(2k -2)
k(k +1) (2k - 3)(2k - 2)
2k_1 ------------ 2k—1
k +1 2k - 2

(D8)



Taking out common factors,

Successive application of this recurrence formula yields (see also Reference 8),

1 1

3 k +1

1 1
k +1 2k -1

Ik -2)k!)2
T (2k - 2)!(2k - 1)!

1 1
3 k
1 1
K 2k - 3

or, using Equations C7, D8, and D10,

1 1
T T
(2131 - (k =2)!1]3 (k = 1) (k!)?
ki(k + D! - - - (2k = 1)!
1 1
k +1 2k -1
k2
By = 1AM

With the same procedure it may be shown that

_ gk
By - 405 = N lal

where g(k) is a function of k alone. We thus obtain, in decreasing degree of N,

or

7 =

1
N|A|2

N-1

{k!AP +2 Z A,

1

- 2k
[1”2 R AL
1

k2 Kk
(klAI2 -y fAl2 -3 % |A]2 4 ):l

N-1
g(k)
N3 Zl Vspv + - :]

(D9)

(D10)

(D11)

(D12)

(D13)
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Appendix E

The Autocorrelation Function of Range Rate
It is shown in Reference 8 that the Doppler count &4 may be written

Np = @(t+h+T,) = p(t +hy = [p(t +T ) -#(t)] , (E1)
where
Ap = phase difference, measured by Doppler count
t = reference time
h = sampling interval
T, = two-way propagation time

#(t) = phase transmitted at time t.

We consider the case where the phase is contaminated by a random-walk phase noise ¢,. The
standard deviation o ey of the noise accumulated during a time interval AT is

03, = Eltgy (£ +5T) ~ gy (1)) = k34T (E2)

where k, is a constant,

We consider the case where the two-way propagation time is larger than the sampling
interval h:

T >h
P
This situation is shown in Figure El. The ?
standard deviation o, bow of the Doppler count
is then, according to Equation E1
n, g q 10n 4 ¢(f+h+Tp)—————'_——"—‘—_’/
2
ozd)" = Eldgy (t +h+T )= gy (t +T ) ot o) e
- Elgy (t+h) - gy ()] bl ———
™ s (1) |—
and, using Equation E2, R
t t+h t+Tp t+h+Tp
2 = 2kKk?h .
Doy~ 2K1 (E3) Figure E1—Phase vs. time for h <T_.
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e(t+h+Tp) o — — /

o(t+h)— o — — — —

e(t+Tp)}— — — — — —

(1) [———

t t+tp t+h t+h+Tp

Figure E2—Phase vs. time for T, <h.

2 = 2
TAtaw 2k, Tp

el
z & / |
& fL\L\ |
qu 2z l
o%"/ |
Ly

(I) 1 2 p-1 p lp+l "
! To=(p+x)h J
| a— ]

Figure E3—Standard deviation of
phase noise due to random walk.

If, on the other hand, T,<n, we obtain
from Figure E2:

Rgy = Eldbgy (t+h+T,) =gy (t +h)]’

+ Elggy (t +T)) ~ ¢y (t)]z

or
2 — 2
TDogy - 2k1 Ty - (E4)

The standard deviation o) . for the Doppler
count Ap(nh) over n sampling intervals is ob-
tained from Equations E3 and E4 and is shown
in Figure E3 as a function of n. The two-way
propagation delay is

Tp S (ptx)h , (E5)
where
p = integer
0<x<1

h = sampling interval.

For the time interval 2h, we obtain from Equation E3:

2
Thppy = Ellbgy (20)} = 4kih . (E6)

But we can also consider the interval 2h as two intervals h +h. If p, is the correlation coefficient

between these intervals, then

E{fbey (2n)} = E{ldy (h)}' (1+1+20,) = 4k2 (1+p,)h . (E7)

Comparing Equations E6 and E7, we find:

Py = 0.
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In the same manner

where

Py =

Consider now p + 1 sampling intervals. By summing p + 1 intervals, we obtain

correlation coefficient between samples which are » sampling intervals apart,

E{tbgy (p+ 101} = 2k2(p+1+20 )b .

From Figure 12 and Equation E5, we also cbtain

and hence

For p + 2 sampling intervals, we obtain in the same manner

and thus

E{0dew [(p+ DRI}’ = 2K (p+x)h

2k? (p+2+4p, +20 , )h = 2kZ(pt+x)h

For p + 3 sampling intervals, we obtain

or

2k? (P+3+6p, +40,,, +20,,)h = 2kZ (p+x)h

pp+2

:0'

(E9)

(E10)

(E11)

(E12)

(E13)

(E14)
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In the same manner,
p, =0 for n2p+ 2. (E15)

I AR is the change in range during the sampling interval h, we may write the (average) range
rate R:

3

. OR
R=7

where AR is proportional to &p. The correlation coefficients or normalized autocorrelation functions
for R are thus the same as for A¢. See also References 9 and 10.
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Appendix F
N
The Evaluation on (Y, -¥)?
1

From Equations 10 and 83,

. - -1 0 jl
S TYIVAVRER Aol
yJ:Yi+6J’
we obtain
— 1 0 j
= . e— Y. ).
: I .,Ii A| 5+ ) (F1)
i=
It may be shown that
N .
L Z 0 J|y,=y.,
[A| . i A i 3

j=1

if v; is of equal or lower degree than 7. This result is self-evident because 3, = Y, if all ¢, = 0,
or may be derived by evaluating the sum in the same manner as in Appendix A. We thus obtain

N .
: 0 3je.
— 1 0 J
Y-y = — ! €-=L . ! (F2)
|A|Z1 S R TYR P
i=
and
N N . 2
(¥, -5,)% = — AT (F3)
i 7Y 'I_A_';' i A
iel T=1
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where

<2 .
0 Zsj 2j €; 2j €;
1 A Ay A
Sje.
At N U WY WY
i A
2
i2 A, A, A
Summing over i gives
N ) 1 0 Zjei
(¥, -¥)? =- — |,
= Al i A
Ze’. Al Zej AO A2
.| Z5e. A .- 2je. A A, .-
S S - R B +5j e, o T (F4)
|A| ! . ! . .

Multiplying the sums into the determinants results in elements of the form =j° €, Zj%¢; . If the
data is uncorrelated, then

N %ZZ“"“%”’ B (F5)

and thus, with r = p +q,

) e Z e, = Zi’s? (F6)

j=1 ji=1 j=1

for large N. Furthermore,

N 1 N N A
. 2 - . 2 _ T :
z it € —N-z i Z € ‘T\:‘Z :5? ' (F7)
j j=1 j=1

j=1 j=1

which may be shown by induction by going from N to N + 1 and is obviously true for N = 1,
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Equation F4 is thus reduced to

N ) A, A Ay A,
A gy Zei ) A A, e . A, A )
S I NIA| '

and hence

il

ZN: (Y, -¥,)? ZN: e . (F8)

iml j=1
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In the same manner,
p, =0 for n2p+ 2. (F15)

If AR is the change in range during the sampling interval h, we may write the (average) range
rate R:

)

. _ AR
R=7

where AR is proportional to Ap. The correlation coefficients or normalized autocorrelation functions
for R are thus the same as for A¢. See also References 9 and 10.
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